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Abstract Three MAPLE-programs are demonstrated here for solving semi-algebraic sys-
tems at three levels, respectively, in fully automatic mode.

1 Introduction

By semi-algebraic system [2, 6], we mean a system consisting of polynomial equations,
inequations and inequalities. In detail, we call
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a semi-algebraic system, where p;(1 < i <n), gj(1 <j<r), he(l <k <t), (1 <1< m) are
real polynomials in xy, ..., x; with rational coefficients.

Usually, we “solve” semi-algebraic systems in the sense of three levels:
e In the case of n > s, it is expected that system (1) has finitely many solutions, and thus
the numerical solutions are required. For example, find all the non-negative zeros of the

following system:
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e In the case of n < s, usually, system (1) has manifold solutions with positive dimensions
in complex field, it is asked whether a real solution exists.
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e Furthermore, in the latter case, n < s, frequently we regard n elements as dependent
variables and others as parameters, say, xi, o, ..., ty, and uy, us, ..., ug, respectively, write
system (1) as
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and ask to find the condition on parameters wuq, ..., uy such that system (3) has exactly
a specified number of distinct solutions. For example, we may ask the condition on a,b
such that the following system has exactly 1, 2, 3 or 4 distinct solutions.

pr=x+y*—xy—1=0,

p =y’ +22—yz—a>=0,

ps =22+ a*—zx — b0 =0, (4)
a—1>0,b—a>0,

x>0,y>0,2z>0.

Every items listed above is of importance for both theory and applications in various fields
of science and technology. More and more problems arose which can be reduced to solving
semi-algebraic systems at one of the three levels. For example, solution classification for “p-3-p”
problem [24] which originates from computer vision, constructing limit cycles of planar algebraic
differential systems [16, 20], automated theorem proving and discovering for algebraic and
geometric inequalities [32, 31]. Moreover, many problems in geometry, topology and differential
dynamical systems are expected to be solved by translating them into solving certain semi-
algebraic systems [2].

2 Semi-algebraic System with Zero-dimensional Solutions

In this section we consider the issue at the first level: all the elements are dependent
variables, no parameters exist. We call that a system with constant coefficients. It is often
expected that such a system has only finitely many solutions, in other words, zero-dimensional
solutions. It is well known that for a system of polynomial equations with zero-dimensional
solutions, there exist many algorithms based on Ritt-Wu method, Grobner basis or resultant
computation, which can decompose the given system into triangular systems (see, for example,
(25, 4, 21, 22, 14, 1, 35]), each has the form as follows,

( fl(xl) =0,
f2($1,$2) =0,
fs(x1, 29, ..0yms) =0, (5)
g1(z1, 29, e, x5) >0, -+ gr(T1,29,...,25) >0,
hi(x1, 29, .yxs) >0, -+, hy(xy, T9y .y 5) > 0,
L ql(xlax%" 7xs) 7£ 07 B Qm(xlax%“'axs) 7& 0.



A MAPLE-program realzero we demonstrate here is based on a zero-isolating algorithm
[29], roughly speaking, which consists of three steps:

e Decompose the given system (with constant coefficients) into triangular systems.

e Isolate the real solutions for every triangular system obtained from step 1, get its interval
solutions which are non-overlapped one another.

e Collect the interval solutions for all the triangular systems.

For more details, see [29].

The program realzero has three basic kinds of calling sequences for system (1) in the case
of n=-s:

realzero([pla"'7ps]7[gla"'7gr]a[hla"'aht]a[qla"'7Qm]7[x17 y T ])
realzero([pla"'7ps]7[gla"'7gr]a[hla"'aht]a[qla"'7Qm]7[x17 y L ] deth)
realzero([pl,'",ps],[gl;"',qT],[hl,"';ht];[ql;"';Qm],[fEI, y &L ] [wla"'aws]); .

The command realzero returns a list of isolating intervals for all real solutions of the input
system or reports the method does not work on some branches. If the 6-th parameter “width”,
a positive number, is given, the maximal size of the output intervals is less than or equal to
the number. If the 6-th parameter is a list of positive numbers, [wy, ..., w,], the maximal sizes
of the output intervals on xy, ... and x; are less than or equal to wy, ... and wy, respectively. If
the 6-th parameter is omitted, the most convenient width is used for each interval returned. In
what follows, all the examples were computed on a Pentium/800 PC with 256 Mb RAM under
MAPLE V.4.

Example 2.1 Find the isolating intervals of non-negative solutions for system (2). Call

realzero ([p17p27p37p4]7[l‘lax%ylayZ]?[ ]7[ ]7[x17x27y17y2]71/1000);

the output is (4.855 seconds),

H'123699 E]
1262144 320]°
[15604750193840633515355762525347641882989981 25646736065207290639]

| 15429603258688008185068797668747034522695597 25350470632055620751 |
[319400452616066402549 64807714054451707909444009190671657811201765]

1 152102823792333724506 ° 30859206517376016370137595337494069045391194 |’
[117665269819559725768 23867887436121200844755218097593146520662280]}

| 163049658030390350401 " 33070540167780718023098481036025768815988257

77397 38699 283969593 71012665
{[o, 0], [0, 0], [0, 0], [0, 01}, {[o, 0], [0, 0], [32768, 16384], {268435456, 67108864}}
{[z, 2, 12, 21, [0, 0], [0, 0]”,

which means the system has 4 non-negative solutions and obviously, only one of them is
positive.



Example 2.2 28 Given a system in b, ¢, d, e with constant coefficients,

fl(b) - 07 fZ(bJC) - 07 fg(b,C,d) = 07 f4(b7 C, dae) - 07
b>0,¢c>0,d>0,e>0,
c—d#0,

where

f1 = 241538508382138075462768483549507937558926051383237186598921\
35143477508299833761559265231377708635407176637146131171128509762\
97616 4 635066713778840598710749498577504496793070850884097947974\
38029219177777722424790935669882905230018966867662706346221816526
252732166400 — 61751672968559423134724687728230891908778934060236\
33346079511963379997673499794946894262027603963333723121547282957\
288249561157268480006%° + 27390034646753639766624212069599001290967\
59448312686194199639473757366983350460922339943178170551929762470\
2514773141874970280821050572806%0 — 1437145166237554579477639351890\
59794915618143392460779148627234144024674310258895855296843282026
27356896764453670342395517432541426483206%* — 298609258728339835915\
11873209280400659942863793385889444751464527738926059859502184401\
24363918776508369053084089437022884472546257797126* + 435447287511\
29852462155896216013929270344442811835212525492551812771844033485\
6624891320774583884077918016738307670064251643012684185606%° — 3414\
88074367456093473004956003122708578333573667293973935929910141878)\
3540565919352395939247814785296729972490057003026109068312838144b' +
82237565552698611657570566658152443771941213949595401920250155054\
50490851490444645492294205808268848998735781764749955762521605406
720'% — 18465863911534614222771407254727218540553077903981494060726\
33493473284280274236822702569461113776661096178555364273916711096\
2872320b'* + 210458398154301515264393872128757750183426243499830192\
25945815801961543179698127213788008273551581371156105365020925245\
8008412160b'? — 139786675574463317676421937828553960047493569539985\
18250677206097934122810155232883104878564803527356387141413117228\
18845540352b'0 4 58518821530242525343370224841451531318336644453000\
07497442033037334476891210594913793124432039758371062267351116039\
5606261760° — 1553901833784639522211865208589780740623802505099793\
47778214149227003875939955374111373227667330769980827373188349301\
88288b° + 31399605401650712044647367132918454229000779662777456747\
422632241786296296046865042734023650341502533877789531725365248b" —
22147981528466208237751095469143763697499488557226201213514166702\
188991127101416805749416908807763189989750987554816b> + 6072087665\
34027611425076641314953202561482473671769904296105502296130677639\
9525491814383795284511167695839821824



fo =2075b'% ¢'? 4 284580 b !0 4 357840 b'2 ¢? + 10185588 b'2 ¢ + 20167488 b'° 7
+ (212853126°% — 62355744 b'%) & — 99610560 b° ¢°
+ (—4855244976 b® — 361573632 b%) ¢* + (—37158912b* — 3758980608 b°)
+ (54181472832 b° + 429235200 bt) ? + (4897760256 b* + 488374272b%) ¢
— 123974556480 b* + 18874368 + 9432723456 b2,

fa =9b*d® +45b* cd?® + (35b% ¢ — 486 b%) d — 108 b% ¢ — 264 4+ 10b* ¢3,
fi =(36d?b> —8c2b? —28db%c)e+ 15b* cd? +6b* c3 +21b* > d — 144 % ¢
+9b*d® — 120 — 648 b7 d.

We call realzero([fi, f2, f3, fal,[ |,[b,c, d,€],[c—d],[b,c,d,e]), and get six solutions,'

[ 741 14831 [76905 76995] [17 ﬁ}
1120487 4096 | [ 32768 32768 ]’ 2
[10861925319343565779854723937 165511946920932232989924461779

1 22127792367701489429879193600 " 333262179329283918463743557632 } } ’
[[ 741 14837 [199727 49971 21

1120487 4096 ] [ 32768 * 8192 }’ [_’ ]’
110501218509973981520215735655 2424563760027166415456804899 ” ,

| 4910135500314640502581362688 * 1058153874210595032992317440
(11803 36077 [9 289] [17 9} {23829095983254931 68808656977494510860283”

1120487 4096 )" |47 128" | 4’ 2] | 4908557229096960 ' 13000075334176032686080
71803 36077 [311 39] {31 ] [1393400289557972985919 62442717485556822243”

1120487 4096 )" [128° 16" | 8 203852745321228533760 ° 8514631644974415872

8 7
[[8177 40897 [1935 E} [@ E}

1140967 2048 ] 2048 128]" [16" 8 |’
[215634413938911169503822007 3132517750841677845229”

| 18687908488874225251123200 ~ 257952942173863280640
(139343 2459} {97 195} [769 1547}

|| 4096 * 256 |’ [512° 1024 2048 4096
15995545076788180708016364661 45550235812704818962737}

| 105759302845003541459763200 °*  789572509364150861824

Reference [28] gave the number of the solutions, 6, but no isolating intervals.
3 Verifying Consistency of Semi-algebraic Systems

In this section we consider the issue at the second level. A lot of problems can be converted
to verifying whether a semi-algebraic system is consistent or not, i.e. whether the system has at
least one solution. For example, let ® be a system as (3), ®¢ a polynomial equation, inequation
or inequality. Prove or disprove that

D = P,.

Obviously, the statement is true if system ® A =P, is not consistent.

Automated theorem proving in real algebra and real geometry is always considered a diffi-
cult topic in the area of automated reasoning. Relevant algorithms depend fundamentally on

Ispend 202 seconds



consistency verification for a certain semi-algebraic system, and the computational complexity
increases very quickly with the dimension, that is, the number of parameters. Besides the
memory saving, the speed improvement in theorem proving sometimes is also of importance.
When a problem requires verification of a batch of non-trivial propositions, an inefficient algo-
rithm cannot handle it within the time allowed by human patience. For recent progress made
in this aspect, see [9, 10, 5, 17, 26, 27, 31, 32]. Fortunately, the problem is easier for so-called
constructive geometry, roughly speaking, a statement wherein the geometric elements (points,
lines and circles) are constructed step by step with rule and compasses from ones previously
constructed.

We demonstrate here a MAPLE-program BOTTEMA, an inequality prover, by which more than
1000 algebraic and geometric inequalities including hundreds open problems have been verified.
The total CPU time spent for proving 100 basic inequalities? from Bottema et al’s monograph
[3] “Geometric Inequalities” on a Pentium II1/450, was 10-odd seconds only.

On verifying an inequality with BOTTEMA, we need only type in a proving command, then
the machine will do everything else. If the statement is true, the computer screen will show
“The inequality holds”, otherwise, show “The inequality does not hold” with a counter-example.
There are three kinds of proving commands: prove, zprove and yprove.

prove — prove a geometric inequality on a triangle, or an equivalent algebraic inequality.
Calling Sequence:

prove(ineq);
prove(ineq, ineqs);

Parameters:

ineq — an inequality to be proven, which is encoded in the geometric invariants listed later.
ineqs — a list of inequalities as the hypothesis, which is encoded as well in the geometric
invariants listed later.

Geometric Invariants on a Triangle: (extendable)

a,b,c, lengths of sides of a triangle ABC
S, s:=(a+b+c)/2, half the perimeter
XY, 2, X:=s-a, y:=s8-b, z:=s8-C

S, Area of the triangle

R, circumradius

T, inradius

ra,rb,rc, radii of escribed circles

ha,hb,hc, altitudes

ma,mb,mc, medians

wa,wb,wc, interior—angle-bisectors

P, p:=4xr* (R-2*r)

q, q:=8"2-16*R*r+5*r"2

HA,HB,HC, distances from orthocenter to vertices
IA IB,IC, distances from incenter to vertices

2which include some classical results such as Euler’s Inequality, Finsler-Hadwiger’s Inequality, Gerretsen’s
Inequality, etc.



A B,C interior angles

sin(A), sin(B), sin(C), sines of the interior angles
cos(A), cos(B), cos(C), cosines of the interior angles
tan(A), tan(B), tan(C), tangents of the interior angles
cot(A), cot(B), cot(C), cotangents of the interior angles
sec(A), sec(B), sec(C), secants of the interior angles
csc(A), csc(B), csc(C), cosecants of the interior angles
sin(A/2),sin(B/2),sin(C/2),

cos(A/2), cos(B/2), cos(C/2),

tan(A/2),tan(B/2),tan(C/2),

cot(A/2), cot(B/2), cot(C/2),

sec(A/2),sec(B/2),sec(C/2),

csc(A/2), csc(B/2), csc(C/2),

Examples:

> read bottema;
> prove(a~2+b~2+c"2>=4*sqrt (3) *S+(b-c) "2+ (c-a) "2+(a-b) "2) ;

The theorem holds

> prove(A>=B, [a>=b]);
The theorem holds

> prove (2*ma+2*mb+2*mc<=2%a+2*b+(3*sqrt (3)-4)*c, [c<a,c<b]l);

The theorem holds
XPprove - prove an algebraic inequality with positive variables.
Calling Sequence:

xprove(ineq);
xprove(ineq, ineqs);

Parameters:

ineq — an algebraic inequality to be proven, with positive variables.
ineqs — a list of algebraic inequalities as the hypothesis, with positive variables.

Examples:

> read bottema;
> xprove(sqrt(u™2+v™2)+sqrt ((1-u) "2+(1-v) "2)>=sqrt (2), [u<l,v<1]);

The theorem holds

> f:=(x+1)"(1/3)+sqrt (y-1)+xxy+1/x+1/y"2:
> xprove (£>=42496/10000, [y>1]);

The theorem holds



> xprove (£>=42497/10000, [y>11) ;

294117648 ]

with a counter example |r = 35,y = 555w

The theorem does not hold
yprove - prove an algebraic inequality in general.

Calling Sequence:

yprove(ineq);
yprove(ineq, ineqs);

Parameters:

ineq — an algebraic inequality to be proven.
ineqs — a list of algebraic inequalities as the hypothesis.

Examples:

> read bottema;

> f:=x"6%y 6+6*%xX 6%y 5-6*x" 5%y 6+15*x" 6%y 4-36*%x 5%y 5+15%x"4*y~6
+20%x76*y " 3-90*x"5xy 4+90%x"4*xy 5-20%x" 3%y 6+15%x"6xy "2
—120%x" 5%y~ 3+225%x"4*xy~4-120%x" 3%y 5+15%x 2%y 6+6*x " 6%y
—90*x"5*y " 2+300%x 4%y~ 3-300*x" 3%y 4+90%x" 2%y " 5-6*x*y " 6+x"6
—36%x"5*xy+225%x 4%y 2-400%x " 3%y ~3+225*x 2%y~ 4-36*x*y "5+y~6
—6xx"5+90%x " 4*xy-300*x " 3%y~ 2+300*x " 2%y~ 3-90*x*y~4+6*y " 5+15%x"4
—120%x"3*y+225%x " 2%y 2-120%x*y " 3+15*%y~4-20%x"3+90*x " 2*xy
—90*x*xy " 24+20%y " 3+16%x"2-36*x*y+16%y " 2-6*x+6*y+1:

> yprove (£>=0) ;

The theorem holds

BOTTEMA is created according to a so-called dimension-decreasing algorithm which employs
an incomplete cell decomposition. As for the proof of correctness of the algorithm, and more
examples, see [33, 34].

4 When the System Has a Specified Number of Solutions

Now let us consider the issue at the third level. Given a semi-algebraic system with para-
meters uy, - -+, ugq as (3), Find the condition on uy, - - -, ug such that the system has a specified
number of solutions. Making use of the discriminant sequence for polynomials [30], WR. al-
gorithm [35], Wu’s elimination and a partial cylindrical algebraic decomposition, we present
here a practical algorithm for finding the condition required above. That is implemented as a
MAPLE-program, DISCOVERER, which can help discover new inequalities automatically, without
requiring us to put forward any conjectures beforehand, see [31, 32, 28]. That is complete for an
extensive class of inequality-type theorems. Also the program is applicable to the classification
of the real physical solutions of geometric constraint problems. Many inequalities with various
background have been discovered or re-discovered in this way.

For the detailed description to the algorithm and the proof of correctness, see [32].



The program DISCOVERER has three basic kinds of calling sequences for system (3):

tOfind([pla e 7pn]7 [gla o '797‘]7 [hla t '7ht]7 [qla t 'an]a [mla o '7$n]7 [ula ot ',Ud], H
tOfind([pla e 7pn]7 [gla o '797‘]7 [hla te '7ht]7 [qla te 'an]a [:’Ela o '7$n]7 [ula o ',Ud], W 'l/).
tOfind([pla e 7pn]7 [gla o '7Q7‘]7 [hla t '7ht]7 [QD o 'an], [xla t '7xn]7 [ula o '7ud]7 1%

where

e . is a non-negative integer that means the condition for system (3) to have exactly
distinct solution(s),

e . --vis arange (i and v are non-negative integers, 1 < v) that means the condition for
system (3) to have p or g+ 1 or - -+ or v distinct solutions,

e 1 --N is a range (4 is a non-negative integers, N a name) that means the condition for
system (3) to have more than or equal to u distinct solutions,

and the command tofind returns the required condition accordingly.

Example 4.1 System (4) originates from an open problem[11]: Which triangles can occur
as sections of a regular tetrahedron by planes which separate one vertex from the other three?

If we let 1,a,b (assume b > a > 1) be the lengths of three sides of the triangle, and x,y, z
the distances from the vertex to the three vertexes of the triangle, respectively, then, what we
need is to find the necessary and sufficient condition that a, b should satisfy for the system to
have at least one solution. We call

tOfind([pla P2, p3]7 [CL - ]-]7 [b - a]a ['Ta Y, Z]a [ ]7 [1‘7 Y, Z]a [aa b]a L- N)’
where py =22 +9?> —ay—1, po =y’ + 22 —yz —a?, p3 = 22 + 22 — 20 — V°.
Our DISCOVERER runs 12 seconds on a Pentium II1/450 with MAPLE V.5.1, then returns

FINAL RESULT :
The system has required real solution(s) IF AND ONLY IF
0 < Rl, 0< R2] or [0<RIl, R2<0, 0< R3]

Rl= a*+a+1-0?

8 8 16 68 241 68 68 68 2
R?): 1__2__b2 _8__b62 —b4 4__b2 6__b4 2__b2 4__b6
3¢ TR Tt Tt gt Tt Tt Tt T
16 2 46 16 16 46 46 68 68
_b8__ 6 _b2 2 _b4 Y 4 _b2 8 _b8 2__b6 4__b4 6
9 9a+9a+9 +9a+9a+9a 27@ 27@
16 8 16 2 8 8 8
+§b4a8 . gbloa2 + §b8a4 . §b6a6 . §b2a10 . gbm + b2 — 5a10 + al2,

The article [11] gave a sufficient condition that any triangle with two angles > 60° is a
possible section. It is easy to see that this condition is equivalent to [R1 > 0, R2 > 0].



Example 4.2 Find a necessary and sufficient condition for a p X ¢ rug to fit on an a x b
floor. When p < a, obviously the required condition is ¢ < b. The only non-trivial case is
p > a > b > ¢ which leads (by an argument omitted here) to the following system:

hy =2 +y*—2¢* =0,

hy =(a—z)?+ (b—y)*—2p* =0,

hs = (a —z)z — (b—y)y =0, (6)
p>a,a=>bb>q z2>1,

x>0,y>0,g>0.

We call tOfil’ld( [hla h27 h3]7 [p_ a,a— ba b— q,z— 1]7 [‘Ta Y, q]a [ ]7 [1‘7 Y, Z]a [pa q, a, b]a L- N)’ the
program runs 25 seconds on a Pentium II1/450 with MAPLE V.5.1, then returns

FINAL RESULT :
The system has required real solution(s) IF AND ONLY IF
[0 < R1]

where
Rl = —4bgap+ @+ p + 200 + @20 — pt+2p2¢% — ¢~
This condition coincides with that given in [23].
Example 4.3 Find the condition on a,b, ¢, d such that
(Vo > 0) 2° + az® + bz’ + cx +d > 0.
This is equivalent to find the sufficient and necessary condition such that system
fl)=2"+ar’ +ba* +cx +d=0, >0

has no solution. We call tofind([f],[],[z],]], [z],[a,b,¢,d], 0); then the program runs 2803
seconds on a Pentium I11/450 with MAPLE v.5.1, then returns

FINAL RESULT :

The system has required real solution(s) IF AND ONLY IF
[R1<0,0< R2, R3<0,0< R4, 0<R5, 0<R6,0< R7] or
[0<R2, 0<R3, R6 <0, 0<R7] or

[R1<0,0< R2, R3<0,0< R4, 0< R6, RT<0] or

[0 <RI, 0<R2, R3<0, R5<0, R6<0,0<R7] or
[0<R2, 0<R3,0<R4 R5<0,0<R6,0<R7] or
[R1<0,0< R2, R3<0,0<R5, R6<0,0<R7] or

[0<R2, 0<R3, 0< R4, 0< R5, 0 < RG]



Rl= a
R2= d
8 4
R3 = —§ca+ﬁa P’
R4 = d +4 b b + b
= 27 a 270, ac
_ 88 ,, 13 244 4 5., 40 12524 00 1603
R5 = 27@0 3 ach ga c+27ab+27bad 27ad+b —bed o
2 2 4 4 1 1 12
R6 = —ggb 2d+30a3d2+ﬁa3cb2+§ba4d—2—$a402—?6b2ac2+2—78a203
4 2
—2L7ocad2+cb4+3b3ad 35d2b2 830bdc2—§c4
4 1 1 2 2
RT7 = a5d2+ﬁa3b3d—16402+b5d—2—7a3b202—§a3cd2+%a02d2—%abd3
S dE+ — bd+ —ac®b®+ b2 d?% e bdc® — Za*cdb
T t oy atebatgac 6 T 97 34 ¢
35 4 32 64 3125
db3 = 4 3 2 4 =5 d4.
B A R T R T

It can be seen from the last example that the problem we discuss in this section is non-trivial
even for a system of a single equation.

Remark. For the system to have a specified number of solutions, the condition obtained
by calling tofind is absolutely sufficient, and that is also necessary except for possibly some
boundaries which are defined by polynomial equations in the parameters. Adding some of the
equations to the original system and applying the program to the extended system accordingly,
step by step, we can obtain at last the required condition without any exception.
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