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Abstract
I have written several practical educational programs based on computer assisted instruction to
help high school students wunderstand applied mathematics or abstract mathematical

concepts. D.2.3)4)

In this case, my work deals with finding paths between two points on a map
using a matrix

Finding paths between two points is a visual task easily carried out by our brain; however, if we
try to compute the result, several questions arise: How are the calculations implemented? What
data is needed? This paper shows how to obtain the paths using simple matrix products. In
addition to the paths, we can also easily obtain the total number of paths and distances based on the
calculations, not on our intuition. I implemented these calculations with a computer assisted
instruction program to help high school students understand the underlying theory and matrix

operations.

1. Path Matrix

There are eight points on the map shown [1]

[2]

in Fig. 1, each point connected to at least

another point by a single path. These paths Road
are roads or railway lines. In this case, we

- . +HHH-
make the following 8 by 8 square matrix A: Railway

If we can go from point i to point j along a
single step path, the (i, j)-entry of the matrix
is set to a;. If no single step path exists

between these two points, the (i, j)-entry of

the matrix is set to 0. For example, we can [6]
go from [1] to [3] along a single step on the
map, so the (1,3)-entry is a;3; but we cannot
go from [1] to [2] in a single step, so, the
(1,2)-entry is 0. We call this matrix the
"Path Matrix" If there are n points on the

[7]
map, the Path Matrix is n by n. Examining Fig. 1 A map with eight points



the rows of the Path Matrix, we note that the third Path Matrix A

row has three entries not equal to 0 : a3y,a3; and asa.

This means that the point [3] is a fork with three 0 0 a3 0 0 0 0 N
branches. The first row, on the other hand, has 0 0 a3 0 0 0 0 0
only one entry (a;3). This means that point [1] is asg ap 0 aw 0 0 0 0
one endpoint of the map. We can thus grasp how 0 0 ai 0 ass as 0 O
many branches each point has by looking at its rows. 0 0 0 asq 0 asg as ass
In the matrix, if entry a;; is nonzero, then entry aj; is 0 0 0 ae ass 0 0 e
also nonzero. However, this is not always the case. 0 0 0 0 as 0 0 O

It may be possible to go from point j to point i but & 0 0 0 ags ag O y

not from point i to point j. That is, a one-way
street.

2. Calculating all the paths between points using the Path Matrix

If we calculate the second power of the Path Matrix A, we obtain all the 2-step paths. (See next
page.) For example, the second power of the (4,8)-entry is assasg+assass. If we interpret
assasg as the path from the forth point to the eighth point by way of the fifth point (that is
[4][5][8]), we deduce from the expression that there are two routes from the forth point to the
eighth point, the second one being [4][6][8].

Why does this expression show the second step paths? The entries of the second power matrix
(b;j) equal N aicax i, which correspond to the sum of all the single step paths between points i and
j. The sum excludes non-existent paths since these have been set to 0 in the Path Matrix. In the
example matrix above, the following can be said about the second power of the matrix.

It is natural that all the diagonal entries are not 0. For example, the (3,3)-entry is
asiaistasrazstassass. This shows the course of going from the point [3] to another point and
returning to point [3]. The number of terms in each diagonal entry corresponds to the number of
branches of a point. We can also see that the (2,5)-entry is 0. This means that we cannot go
from the point [2] to [5] in 2-steps. We can easily verify this by looking at the map.

If we calculate the third power of the Path Matrix, we obtain all the 3-step paths. In the case
of the third power of the Path Matrix A, the (3,8)-entry is azsa4sasgstaszsascass. If we interpret
assagssasg as the path from the third point to the eighth point by way of the forth and fifth points,
that is [3][4][5][8], we deduce from the expression that there are two paths from the third point to
the eighth point, the second one being [3][4][6][8]. Similarly, if we calculate the nth power of the
Path Matrix, we obtain all the n-step paths.

If we calculate the expression A+A?+A°+---+A" for a large n, the matrix shows all the
n-step and smaller paths. However, many meaningless paths appear in the matrix which are

repetitions of the same path. Generally speaking, if the number of points is N, n may take values



Second power of the Path Matrix A

apaz;  apzax 0 a13as4 0 0 0 0
aazr  d3axn 0 3034 0 0 0 0
asiais
0 0 0 aszadas aszadae 0 0
tasyan;
taszqaqs
asz3dsy a45as8
as3ds) assasy 0 A46065 a45as6 a4s5as7
tassasy taseaes
ta46064
as54A445
0 0 + as4d46 0
as54043 asedes asedes +asgase asedes
+asiazs
tasgags
ae4d4s aead4e
0 0 A4043 Ae5a54 AesAds7  AesAsy
taesags Taegsase
taesdasge
0 0 0 arsas4 0 arsase aizsdsy  A75as8
agsasg
0 0 0 agsdss  dgedes — dssdse  Agsdsy g
tagedes

up to N-1 since we can go from one point to another point in N-1 steps or less. (See Fig. 2.) If

we calculate A+A*+A°+---+AN"! and the (i, j)-entry of this expression is 0, then, there are no
paths from point i to point ;.

Points [1]—» [2] —»[3] —»[4]—» - —»[N-1]—» [NV]
Number of paths 1 2 3 4 N-2 N-1

Fig. 2 Maximum number of paths for N points

3. Calculating the total number of paths between points
If we can go from point 7 to point j by 1-step, the (i, j)-entry in the Path Matrix is set to a;.
Otherwise it is set to 0. If we substitute 1 for all the a;;, this matrix consists of 1s and 0s. The

result of changing Path Matrix A like this is shown in Matrix B.  If we obtain the second power of



Matrix B (Matrix B?), the (i, j)-entry of B equals the
total number of paths from point i to point j. For
example, the (4,8)-entry of the A?is Aasdagtas6aasg.
We can see that the total number of paths from the
forth point to the eighth point is 2 from the expression.
If we substitute 1 for ass, ass, as¢ and asg in this
expression, then we obtain the number 2.

Similarly, if we calculate the nth power of the
matrix B, we obtain the total number of n-step paths
between point i and pointj. Therefore, the (i, j)-entry
of the B+B*+B’+---+B” is the total number of

n-steps or smaller paths.

By the way, suppose the sum of the ith row of the
matrix B equals S;. When S; does not equal 0, we
divide each entry of the ith row by S;. The same
process is repeated for all the rows. Then, we obtain
another matrix B’ from B. Suppose that there is a
point P moving on the path and the probabilities of
moving to the next point with a single step is the same.
In other words, if the number of branches of point i is
m, then the probability of moving to the next point is
i. The (i, j)-entry of B’" is then the probability of
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moving from point i to point j in n-steps. Therefore, B’ is a Markov’s transition matrix.

4. Calculating the means of transportation

In the map of Fig. 1, there are two means of
transportation. One is by car or bus and the other is
by train. Here, we calculate the means of
transportation as well as all the paths between points.

In the Path Matrix A, if we replace a; with b;
where the path is railway, the matrix is transformed as
shown in Matrix C. That is, a3 is replaced with by,
azp With b3a, ase with bsg and aes With beg.

If we calculate the nth power of the matrix C, we
obtain the all the n-step paths between points and the

means of transportation on the way.

Matrix C

o™
0O 0 O

o 0 O

by O O

ase ds7 dsg

0 0 as

0O 0 O




For example, if we calculate the forth power of the matrix C, the (2,8)-entry is
brsasasassasst brsassbscass. This means that we can go from [2] to [8] in four steps. One
route is from [2] to [3] by train, from [3] to [8] via [4] and [5] by car. The other route is from [2]
to [3] by train, from [3] to [4] by car, from [4] to [6] by train and from [6] to [8] by car.
If we want to add one more means of transportation (i.e. a boat), we can use the letter "c" in the
matrix to represent it. If there are two means of transportation between point i and point j, the
entry of the matrix C is a;;+b;; and so on.

5. Calculating the distance between points

Consider the distances between points
like those in the Fig. 3. The numbers
written on the map are the distances between
adjoining points. In order to calculate the
distance, we transform the Path Matrix into
matrix D as follows; if we can go from point
i to point j in one step and distance between
them is p km, the (i, j)-entry (a;) 1s replaced
with &’. If no single step path exists
between these two points, the (i, j)-entry of

the matrix D is set to 0.

If we calculate the nth power of matrix D,
we obtain the distance of all the n-step paths
by looking at the exponent because if we can

go from point j to point & in one step and the

distance between them is ¢ km in addition to

Fig. 3 Distances between points

the assumption above, the (i, k)-entry of

pTq

: 2 p 4
matrix D" equals a”a? or a The exponent of Matrix D

"a" indicates the distance between point i and point

k. ﬁ 0 & 0 0 0 0 h

For example, the (3,8)-entry of A® is 0 0 4& 0 0 0 0 0
a340a45058+F A34046063. S 40 42 0 0 0 0
Also the (3,8)-entry of D’ is 0 0 &2 0 & & 0 o
a*a’a®+a*a®a*=a'"+a'*.  We can see that 0 0 0 & 0 & & &
there are two ways from [3] to [8] and the distances 0o 0 0 & & o0 o0 o
are 11 km and 12 km respectively. 0 0 0 0 4& 0 0 0

If we want to calculate the distance of every & 0 0 0 & 4 0 y
means of transportation, replace the letter "a" with



the letter "b" where the means of transportation is by train. Then, the (3,8)-entry of the D’ is
a’a’a®+a*b®a® = a''+a®b®. So, we can see that we go by car 6 km and by train 6 km in the
course of [3][4][6][8].

6. Connection of the paths

There are two groups of paths shown in Fig.4 (P and Q). Suppose that [1],[2],[3],[4].[5]
belong to P and [5],[6],[7],[8] belong to Q. We make the 8 by 8 Path Matrices (Ap and Ag) for the
groups. Ap is made assuming that there are no paths in the group Q, that is ass, aes, as7, @76, des
and age are 0.  Aq 1s made assuming that there are no paths in group P, that is a2, az1, a4, a1, aza,
as3, ass and asg are 0. If we calculate ApA g, the only nonzero entry is (4,6). If we calculate
A Ap, the only nonzero entry is (6,4). Therefore, we conclude the following propositions.

1) If ApAg or AgAp is not 0, the group of Paths P and Q are connected. The entries of
ApAq or AgAp which are not 0 shows the paths which connect the groups P and Q.

2)If ApAq and AgAp are both 0, P and Q are not connected.

3) If P and Q are not connected by paths, ApA g and AgAp are both 0.

Thus we can analyze the topological properties by calculating the Path Matrix.
Moreover, we can conclude the following proposition.
4) Suppose that Py, P,, P3,---and P, are a group of paths P and each P; is a connected component

of P. Thatis P=P;, U P, U P3; U--U P, and P; and P; are not connected. (See Fig. 5.)
If we make each matrix Ap; on the assumption that there are no paths except for P;, the

following expression is deduced.

Ap=ApitAprtAp3t---+Ap,

Ap"=Ap,"+Ap2"+Ap3"+ -+ Ap,"

Fig. 4 Two Groups paths P and Q



Fig.5 Py, P, and P; are connected components of P

Proof of proposition 1:

Suppose that the (7, j)-entry for ApAq is not 0 and that one of the term of this entry is ajay;.
a;x 1s the entry for Ap and ay; is the entry for Aq. Then, we can see that there is a path between
point i and k and the path belongs to P. We also see that there is a path between point k& and j and
that the path belongs to Q. Thus, we can conclude that P and Q are connected.

Proofs for the other propositions are also easily obtained and have been omitted.

7. PATH : a program for computing paths

I wrote the Visual Basic program named "PATH" to calculate the paths, total number of paths
between points, means of transportation and distance between points. The main input window is
shown in Fig 6. In order to calculate the above items, we must input the several items for the
(i, j)-entry on the screen. If no single step path exists between these two points, no input required
for the (7, j)-entry. Otherwise, the (i, j)-entry is represented by "a;", "b;" or "c;" In addition, we
must input the distance between point i and point j. As can be seen in Fig. 6, the diagonal
elements of the matrix do not accept data input.

All the (i, j)-entries are initially set to 0. If we want to input a;; for the (i, j)-entry, the check
button corresponding to "a" is clicked. For the distance between point i and point j, the distance is
input in the text box. Fig. 6 shows an example of the input.

To calculate the paths, the button labeled "Calculation" is clicked, which changes the screen.
Fig. 7 is the screen after clicking this button. (See the page after next.) It includes some buttons to
control the rows or columns and the exponents of A, B, C and D. A is the Path Matrix, B consists
of ones and zeros for calculating the total number of paths, C consists of a;;, b;, ¢; and zeros for
calculating the means of transportation and D consists of ¢’ and zeros for calculating the distances.
In the lower part of Fig. 7, (3,8)-entries of the matrices A°, B>, C* and D* are displayed. We can



. Calculation of paths

D —— a2 a3 A a5 R R miE
lnput Of a b e a b e a b ¢ a b ¢ a b e a b e a b ¢
Entries rrr Mo rrr Corr rrr rorr rrr

b= | C= |3 C= | D= D= | D= | D= |

21 Tes—— 23 2 25 R 27 28
a b c-: a b ¢ a b o a b ¢ a b ¢ a b =& a b =& a b ¢
hjeE;nsof o IR 2 rrr Corr rrr rorr rrr
transportation |0 I 2= |o = | o= | o= | Ly = |
D - READ 3.2 rea—— a8 35 ~(3.8 3. ~(3.8)

o a b ¢ a b =& a b e a b ¢ a b =& a b ¢ a b ¢
Distance 0l il Bl il 2 20 1 S i
ST = o O o e = 8
points

REA 42 RCEN raA—— e RCY RCH) REE:Y

a b ¢ a b c a b c a b ¢ a b c a b c a3 b ¢

Calculati o rrr T i Mo Cw rorr rrr

alculation D= I b= I L= |2 D= |3 b= IG C= C= I
B B2 5,30 540 rEE—— (58 5,7 5,80
a b ¢ a b =& a b o a b ¢ a b =& a b =& a b ¢
Exit o rrr rorr Vo Mo I i Vo
D= | D= | D= D= |3 D= |6 D= |4 D= |6
61 .2 6,3 RGEY 65 ceE—— e 6,80
a b ¢ a b =@ a b o s b e a b ¢ a b =@ s b e
o rrr rorr ¥ Mo rorr Mo
D= | D= | b= b= |6 D= |ﬁ D= D= |4
T R A A 75 7E a3 08
a b ¢ a b c a b c a3 b ¢ a b ¢ a b c a3 b ¢
o rrr rorr rrr I rrr rrr
D=|— D=|— D=|— D=| D=|4— D=|— D=|—
&1 (82) r(8.,3) r(8.4) &5’ {860 (8,73 8,80 —
a b ¢ a b ¢ a b o a b ¢ a b ¢ a b ¢ a b ¢
o rrr rorr rrr Mo Mo rorr
o e e

Fig. 6 Main window of PATH

see that there are two courses from [3] to [8] and that one is 11 km and the other is 12 km. To

view other entries, the buttons labeled "Row +", "Row -", "Column +", "Column -" are clicked to
change the row or column.

If the button labeled "Exponent +" is clicked once, the exponents for A, B, C and D increase by
one. That is, in this case, the entries of the forth power of matrices A, B, C and D are displayed.
If the button labeled "Exponent -" is clicked once, the exponents of A, B, C and D decrease one.
Thus we can calculate the paths, total number of paths between points, the means of transportation

and distance between points.

8. Discussion
I taught 12th-grade students how to calculate the paths between points using the program PATH.
They showed interest in the matrix model as well as in the way the computer displays the paths

between points. Following is a summary of their impressions.

- It is a good mathematical application for the calculating the paths. It was a wonderful
experience for me.



iw. Calculation of path

Paths Matrix Toal numker of paths Transportation Distance

A B C D

00 a:0 0000 00100000 00 asld 0000 00&00000
00 a0 0000 00100000 00 b0 0000 00=&*00000
amaxl ax0 0 0 0 1101 0000 asbel aald 0 0 0 E!3 840 820 000
00 5l awas0 O ooo1o1 100 0 0 80 awsbs0 O 00 820 83 860 0
00 0 au0 asasas ocoo1To1T11 00 0 au0 asasras 000 EISO E!6 84 E!G
00 0 amasd 0 am o001 1 001 00 0 buasl 0 as 000 aﬁ aGO 0 84
0000 as0 00 co0001O000 0000 as0 00 0000&*000
000 0 asasl O oco0oo0o011 00 0000 asasl O 0000a"a*00
(3.8)-entry of A3 (3.8)-entry of B3 (38)—entry of C3 (3.8)-entry of D3

34 345 A5 T 83 Q4 Asa P Fi3s 85 Ass T As bus ass 8” + 812
Exponent — | Row + Row — Column + Column — [nput

Fig. 7 Result of calculation

- When I first studied matrices, I thought they were uninteresting and useless. But this model
taught me that matrices are important and have practical applications.

- I was surprised that the nth power of the Path Matrix shows the paths between points. It is a
wonderful idea.

I learned mathematics in order to solve the entrance examination test and considered
mathematical knowledge only as a skill for solving problems. But this lesson has changed
my way of thinking. Mathematics itself is interesting and accessible.

- It was an interesting lesson for me because we can obtain the paths between points based on
the calculation not on our intuition.

- This program is good and if you sell your program, you will get the great profit. It was a
fruitful time!
- I am interested in computer method. I would like to develop a program based on this idea in

the near future.

- Matrix product was dull for me. But now, it has become meaningful thanks to this lesson.
want to learn more mathematical application.



In Japan, high school students learn about matrices when they take "Mathematics C", but linear
mapping is not included. Matrix applications in the high school curriculum include only the
solution of simultaneous equation. It is natural, then, that many students consider matrices to be
boring and useless. They especially feel doubtful about the product of matrices.

As we can see from the students' impressions, this model makes the students gain interest and
helps them understand the meaning about the product. Professor Miwa illustrated the modeling
process as shown in Fig. 8 * and wrote that mathematical modeling is important in mathematics
education since the modeling makes school mathematics applicable.” In this case, making Path
Matrix, product of the matrices and finding paths between points are the modeling process. This

model connects real events with mathematical events, expanding their mathematical world.

Formularization
Real world » | Mathematical model
Interpretation
Evaluation Mathematical work (operation)
Comparison

Mathematical conclusion

Fig. 8 Modeling process

References

1) Masahiro Takizawa : 1998, About the Polynomials in Two Variables, Proceedings of the Third
Asian Technology Conference in Mathematics, pp.47-59, Springer

2) Masahiro Takizawa : 2000, Computing the logarithm and the value of the argument of a Gauss
Integer, Proceeding of the Fifth Asian Technology Conference in Mathematics, pp.462-471,
ATCM, Inc.

3) Masahiro Takizawa : 1998, Maps and Mathematics, Journal of Japan Society of Mathematical
Education Volume LXXX No.11, pp.17-22 (in Japanese)

4) Masahiro Takizawa : 1994, Instruction of Equations of Circles, Mathematics Education No.441,
pp.75-82, Meiji-Tosho (in Japanese)

5) Tatsuro Miwa : 1982, Modeling, Basis of Modern Pedagogy, pp.286-288, Society for the
Research of Pedagogy, University of Tsukuba (in Japanese)

6) Tatsuro Miwa : 1983, Study on the modeling in Mathematics Education, pp.117-125, Tsukuba
Journal of Educational Study in Mathematics, Mathematics Education Division, Institute of

Education, University of Tsukuba (in Japanese)



	Calculating paths in a map using a matrix
	Masahiro Takizawa  E-mail : taki3262@green.ocn.ne.jp
	References



