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Abstract

As we know, Sturm sequence plays a very important role in real
roots classification of algebraic equations, but it is very difficult to com-
pute the Sturm sequence for polynomials with symbolic coefficients. In
[GLRRA&9], Gonzélez L. et al introduced the Sturm-Habicht sequence
which generalized Habicht’s work [H48], the polynomials in this se-
quence are multiple of polynomials of the Sturm sequence with some
changes of signs and repetitions. In [YHZ96], Yang L. et al estab-
lished a complete discriminant sequence from the principal coefficients
of subresultant chain. Both of the above sequences are easier to com-
pute compared with the conventional approach, but these sequences
are not the Sturm sequence in usual sense because there might be
zero-polynomials in these sequences and some revision of signs are
needed. In this paper, for a polynomial with symbolic coefficients,
we discuss how to produce its generalized Sturm sequence by subre-
sultant chain aided by computer. The obtained sequence contains no
zero-polynomials and no revision of signs is needed, it’s clear that our
sequence is the Sturm sequence properly. As a main theorem in our
paper, the sign relation of generalized Sturm sequence and subresul-
tant chain is found and proved firstly, and an algorithm is given for
computing the leading coefficients of the generalized Sturm sequence
only by principal subresultant coefficients for the infinite interval case.

1 Introduction

Let I be an integral domain, I[u,z] be the polynomial ring over I, u =
u1,---. A, B € I(u,z) be polynomials of degree m and n respectively with
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m > n on x, which can be written as A = 3.7, a;2', B = >0 b;z’, here
ag, -+, Gm,bo, -, by € INu]. In this section, we introduce some basic notions
and the definition of subresultant chain and principal resultant coefficients,
then state two fundamental results about subresultant and pseudo remainder
sequence [L82].

Let A; = Z?izo aijz?,1 < i <k, be a sequence of polynomials in I[u, z].
Then the k x [ matrix associated with Aj,---, A is mat(A4y,---,Ax) =
(@ii—j), where | = 1 4+ max;<;<k(n;).

Let M be a k x [ matrix over I[u,z], k <[. The determinant polynomial
A = detpol(M) is

IM®) |k o M)

where M) denotes the submatrix of M consisting of the first £ — 1 columns
and the jth column of M,k < j </I.

Definition 1 Let A = Y (" a;z', B = Y. bja’ € I[u, z] with deg(A) = m >
0 and deg(B) =n > 0. For k, 0 < k < min(m,n), set

M, = mat(z" " tA(z),---, A(z),2™ ¥ 'B(z),---,B(z))

am Am—1 - a4p
am PECEEY a’O
. am PO a’O
bn bn—l Tt bO ’
bn b[]
bn . bO

Then we call Sy, = detpol(My) the k-th subresultant of A and B, and call the
leading coefficient' Ry = lc(Sy) the k-th principal subresultant coefficient.

In particular, if m = n + 1, we may extend the definition of S,,11 = A,
S, = B and call
Sn+17 Sna Snfla seey SU

the subresultant chain of A and B.
Note also that Sy is the resultant of A and B, and in general Sj is a
polynomial of

deg(Sg) < (m+n—Fk)—(m+n—2k) =k

since My, has m +n — 2k rows and m +n — k columns. It can be easily seen
that deg(Sk) = k if and only if det(M, ,Ek)) # 0. For convenience we have the
following definition.

that is, the coefficient of the highest-degree term of polynomial Sk.



Definition 2 Let A, B € I[u,z] be two polynomials of degree m and n, and
Si (0 < k < min(m,n)) be the k-th subresultant of A and B defined as in
Definition 1. We call Sy is defective of degree k if deg(Sg) = r < k and
reqular otherwise.

Theorem 1 Let Sy41,Sn, -+, So be a subresultant chain in I[z] of Sy4+1 and
Sn. Let Sji1 be reqular and S; be defective of degree r < j (withdeg(0) =
—1). Then

Sj—1=8j—2==854=0, -1<r<j<mn, (1)
R;:gS,« =1c(S;)P"S;, 0<r<j<n, (2)
(—l)j_’"R;;;JrZS,«_l = prem(S;11,5;), 0<r<j<n. (3)

Where prem(Sj11,S;) stands for the pseudo remainder of Sji1 and S;.

The next result gives the general relation of polynomial remainder se-
quence to the subresultant chain. (See [L82] for the definition of polynomial
remainder sequence).

Theorem 2 Let Ay, -+, A, be a polynomial remainder sequence over I[u, x|
satisfying for e;, f; € Ilu], both non-zero

eiA; = QiAip1 + fidizs (1<i<r—2)

Let nq,ng,---,n, be the degree sequence and let c1,co,- -+, c, be the lead-
ing coefficient 1c(A;) sequence of (A1,--+,A;). Forany j,2<j<r-—1,

S =0, 0<k<n,, nj+1<k<nj—1,

=1

—njtnjii+1 .
Xc; mitnit A]'+1 (1 <1< ’I”)

Jj—1 Jj—1
Ni41—Nj41 _ n;—nit1)(Nir1—ni11) Ri4+17T54+1 Nj—NG42
{ €] }Snj+1 - {H(_l)( i—nj41)(Rig1 -4 )fi c

=1

n; 7nj+171A

X€Cilq G+1 (1 <5< ’f')

2 Generalized Sturm Sequence and Subresultant
Chain

The goal of this section is to establish a sign relation of generalized
Sturm sequence with the subresultant chain of a given polynomial and its
derivative. Tarski’s concept of generalized Sturm sequence is a very impor-
tant tool in automated theorem proving, real algebraic geometry and many
other applications [T51].

j—1 j—1
H nip1—nj+1 _ ni—n;+1)(nip1—nj+1) pRi+1—ni+1 ni—n;qo
{ i }Snj—l N { I(_l)( iyt ) f Ciy1

(4)

}

(5)



Definition 3 Let Ay, Ay € I[u,z]. The generalized Sturm sequence(G.S.S.
for short) of A1 and Ag is a polynomial remainder sequence Ai, As, ... sal-

isfying
where Q; € Iu, x|, n; = deg(A4;), ¢; = lc(4;).

For convenience, we introduce a similar relation for two polynomials as
following.

Definition 4 Let A, B € I[u,z], A and B are called similar, A ~ B, if and
only if there exist non-zero a,b € I[u] such that a®>A = b*B.

It is clear that similar is an equivalence relation, and satisfies the following
two properties:

1. If A,B,C,D € I[u,z] and A~ B, C ~ D, then A-C ~ B-D.
2. If A,B € Iu,z] and A ~ B, then lc(A) ~ lc(B).
The following is our main result.

Theorem 3 Let A; be the generalized Sturm sequence defined above, Si be
the k-th subresultant of A1 andAs. Then

j—2

Snj*ISnj ~ (_1)n1—nj {H(Cici+1)ni_ni+2} AjAj+1

=1

Proof: Let §; = n; —njy1. According to the definition of Generalized
Sturm Sequence and Theorem 2, we have

Jj—1 Jj—1
2(6i+1)(nit1—n;+1) _ (ni—n;+1)(nip1—nj+1) p(Rit1—nj+1) n;—niyo
H Cit1 Snj—1 = H(_l) ’ L Cit1
—nj+njy1+1
XC]- 7 Aj+1,
Jj—2 Jj—2
H C?fliﬂ)(”i“*”j)snj = H (_1)(”i*”j)(niJrl*nj)fi(ni+1*nj)6?i_ni+2
i=1 i=1
nj_l—nj—l )
Xc; Aj.
It is clear that
T 2641 +1)
i Mit1—Nj
H Cit1 TS~ Sy,

=1

T o) )
2(0;+1)(ni+1—nj

Hci+1 Snj  ~ S,

=1



and therefore

Jj—1 j—2
0; Mt 11 d; Niy1—N;
{H c?-(HJrl)( o J+1)Snj_l} | {H C?—E—IJA)( o ])Snj} - Snj—ISnj'

i=1 i=1

On the other hand, by substituting f; = —1 into the right sides of (6)
and (7) and multiplying the results, we have

j—1
I o, . e . . 1
{ I I (_1)(71,1 nj+1)(nig1 n1+1)(_1)(m+1 n]+1)0?jrlnz+2 X ; nj+mnj+1+ Aji, }

7j—2

=1
71—2
R, . - P . - c_1—ni+1
= H(—l)(”z n;)(nit1 n]+1)c?ilnl+2 -(—1)”]*1 nJc?] 1= Aj+1
=1

j—2

=1

7j—2
~ (_1)n]-,1fnj { H (_1)2(ni*n]~)(ni+1fnj)+ni+ni+172nj (cz_cz_+1)ni*ni+2 } AjAj+1

=1

=1

j—2
= (=117 {H(—l)niJrn”l(Ci0i+1)ni_m+2}AJ'AJ'+1

71—2
= (=n™mT {H(Cicz‘ﬂ)ni_ni”} AjAjp

i=1
Hence,
-2
Sny—1Sn; ~ (=1)" 7 ¢ T (cicipr)™ 742 0 AjA 1,
i=1

as claimed in Theorem 3.

3 Leading Coefficients of G.S.S. and Principal Sub-
resultant Coefficients

In many cases, people only concern about the real root classification of
a polynomial in the whole interval (—oo, +00), the case for closed interval
[a,b] can also be transformed into infinite interval case. In fact, the Sturm
sequence of a polynomial in (—oo,+00) is just the leading coefficients of
G.S.S., and the subresultant chain corresponds to principal subresultant
coefficients. Let  — oo in Theorem 3, we get the following corollary for the
leading coefficients of G.S.S. and principal subresultant coefficients.



Corollary 1 Let {R;} be the principal subresultant coefficients of a given
polynomial and its derivative, and {c;},{n;} be the leading coefficients and
degrees of the generalized Sturm sequence respectively, then

j—2

Riyj 1Ry ~ (<L) {H<>} jcjon (8)
=1

for all 7 > 2.

Corollary 2 For any j > 2, if the number of zeros between R, and R
in the subresultant chain Ry, ,---, Ro s odd, then

Tj+1

j—2
Ry By ~ (—1)™ {H(n} ¢jcjt1. (9)

i=1
Proof: By substituting j and r with n; — 1 and nj4; into (2) in Theorem
1, we obtain

_ n;—nj41—1 _ phi—nj+1—1
= IC(Snjfl) § T+ ‘Snjfl = Rn;—lj .Snjih

n;—njp1—1
Rpl 7t .S

J nj+1
which implies that

nj—nj41—1 — P+
Ry} Ry, = anq .

It follows immediately that

(an—anj ~ anan+1'

)”j*njﬂ

If the number of zeros between Ry, and R in the principal subresultant

chain is odd, i.e., R;, 1 # 0, and

Tj+1

Rn]-72 == RTLJ‘+1+1 =0, = (n] - 2) - (nj+1 + 1) +1= 1(m0d 2)
then n; —nj; 1 =1+ 2 =1(mod 2). Hence, we have

an—anj ~ an R

Nj+1

and

=1

j—2
an+anj ~ (—l)nlin]‘ {H(Ci0i+1)nini+2} CjiCjt1.

Corollary 3 If R; # 0 and S; is regular for all j > 2, then

Rujs1 R, ~ (—1)" Mcjcjiy. (10)

nj+1

Proof: Because all R; # 0 and Sj is regular, then R,,, | = R
hence n; — nj;2 = 2, by Corollary 1, we have

Tj+1

an+anj ~ (—l)nl_nj CjCj41-



4 Algorithm and Implementation

In this section, we give an algorithm for a polynomial to produce the
sequence of {c;} by its non-zero principal subresultant coefficients { R, }.

Before stating our algorithm, we firstly demonstrate how to obtain the
sequence of {n;} from the all principal subresultant coefficients {R;}. By
Theorem 1, it is obvious that any n; should satisfy R, # 0 and R,,; 1 # 0.
Therefore, all zero elements and all non-zero elements of which successors are
zeros in {R;} must be removed, the resulting sequence is just the sequence
{Ry, }. The following example is given to explain above procedure. Suppose
the given R; sequence is:

[R15 Ry Rig 000 Ry Rg 00 Ry R4y R3 0O 00],

inWhiChR12:R11 :R10:R7:R5:R2:R1 :R():O.
Because the successors of Ry13 ,Rg and R3 are Ry, Rg and R respectively,
we remove above zero elements and R;3, Rg and Rj, get

[Ri5 Ris Rg Rs Ry,

and
[m Ng N3 N4 n5]:[15 14 9 5 4]

The following is our algorithm:

Step 0. Input a polynomial f = a;z% + .- + Ay +1,
let g = f' = diarz™ ' +--- 4+ ay,, and ¢ = a1, c2 = dyay
and Rd1 = alaRdl—l = dlal.

Step 1 Compute [Ry, ,- -, Ro], the principal subresultant coefficients of f
and g.

Step 2. Remove all zero elements and all non-zero elements of which
successors are zeros in [Rg,,---, Ro], get {n;} sequences.

Step 3. Construct all ¢j 41,2 < j according to the recursive formula given
in Corollary 1.

Besides, if { R,,; } satisfies the condition of Corollary 2 or Corollary 3, above
algorithm can be simplified. For explaining clearly the algorithm in defective
case, we give a polynomial with constant coefficients as an example.

Example 1. Consider the following polynomial of degree 16:

14

flz) =2 +2 -z — g3 420 -1



Step 1: The principal subresultant coefficients of f(z) and f'(z) are

[1,16,—47,—70,910,0,0,0,0,0,0, —57101150470, 186542099873397,
—153071917876088452, —54432582050918473944,
9286590776365807319304, —5673497056650749683440]

~ [1,1,-1,-1,1,0,0,0,0,0,0,—1,1, —1,—1,1, —1]

Step 2: Computing n; for j =1,2,---,
ny = 16,’)12 = 15,%3 = 14,n4 = 13,’)15 = 5,n6 :4,n7 = 3,n8 = 2,’)19 = 1,’1110 =0

Step 3: Computing c; recursively by using Corollary 1:

Initial: c =1,
cg ~ 1
(1): CoC3 ~ (—1)nlfn2Rn2,1Rn2 = (—1) - Ri4Ri5 ~ 1,
= c3 ~ 1;
(2): czca ~ (—1)" "Ry, 1Ry - (c1e2)™ ™ ~ RigRig ~ 1,
= Cq ~ 1;

2
(3): c4Cy ~ (—1)”17n4Rn4_1Rn4 . H(Cici_kl)nifn”Z ~ (—1) -RioRy3 ~ 1,

=1
= cs ~ 1;
3
(4): cscg ~ (—1)" TRy 1Ry, - H(Cici+1)ni_ni+2 ~ (—=1)-R4R5 ~ 1
i=1
= cg ~ 1
4
(5): cgcr ~ (—1)" "Ry 1Ry - 1—[(02-02-“)7“7”1'+2 ~ R3Ry ~ —1
=1
= cr~—1
5
(6): crCcg ~ (—l)nl_n7Rn7_1Rn7 . 1_[(CZ'CZ'_|_1)ni_ni+2 ~ (—1) . R2R3 ~ —1
i=1

= cg ~ 1
6
(7): esey ~ (D)™ Ryy 1 Ry - [[(cici1)™ "% ~ RiRy ~ —1

i=1
= cg ~ —1
7
(8): CcgClp ~ (—l)nlfnang_ang . ]‘_[(Cici_|_1)ni7n“r2 ~ (—1) -RoRy ~ 1
=1

= cio~ —1
Example 2. Let p(x) be the general polynomial of degree 7:

p(z) = 2" +az® +br* + cx® +da® fex + f



Then the principal subresultant coefficients of p(z) and p'(z) are

Ry =1,
Re =T,
Ry = 14a,

Ry = 20a® + 63b* — 56ac,

Ry = —54b* + 207b%ac + 189b%e — 8b%a> — 420bdc — 80ba’d + 20ca’
—168eca + 60ea® + 244¢® — 136ac® + 175ad?,

Ry is a polynomial of 51 terms,

R; is a polynomial of 159 terms,

Ry is a polynomial of 320 terms.

In this example we have n; = 8 — j for j = 1,2,---,8. The following is the
procedure for computing c;.

Initial: c1 =1,
cg ~ 1;
(1):  cocs ~ (=)™ R, Ry, = (—1) - 14a,
= c3 ~ —a;

cseq ~ (=1)" ™Ry, Ry, = 14a - (20a® + 63b% — 56ac),
¢y ~ —(20a® + 63b% — 56ac);
cacs ~ (=1)" ™R, Ry, = (—1) - (20a” + 63b° — 56ac) - R,

—~
DO
~—

4

—~
o
~

= ¢5 ~ R3;

(4): CsCe ~ (—l)nlfn5Rn6Rn5 = Ry - R3,
= ¢g ~ Ry;

(5): cgcr ~ (—1)" "R, Ry, = (—1) - Ry - Ry,
= o7~ —Ry;

—~
(=}
~

cres ~ (=1)" T Ry Ry, = Ry - Ry,
= cg ~ —R[).

This algorithm has been implemented by symbolic software Maple. Many
examples we computed show that the algorithm is efficient, and practical
for studying the real-root classification and proving the inequality in real
algebra domain [CH91].
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