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Abstract

In the paper two methods of implementation of recursive formulas in
spreadsheets are presented. Both methods use (rectangular) fields of cells for
their computations. First method is "direct”: Initial values (corresponding to
trivial cases of recursion) are written in selected fields. Then, the recursive
formula is written to other(s). Finaly, the formula is spread along a necessary
large area - until the required result is reached. Second method alows to
compute "recursive tables’- tables where the result of a two-argument recursive
function is located on the intersection of the corresponding rows and columns.
In this case each field in the area must contain the complete recursive formula.
The computation is iterative - al values in the table are computed
"simultaneoudy”. Actualy, the number of iterations equals to the maximum
depth of recurson. Examples of such computations as well as sufficient
conditions for the success of the method will also be presented.



1 Role of Standard Software

One of the main obstacles in a more intensive creation of educational software is
that special programming tools and long time for its design and implementation are
usually needed. Thus, teachers do not prepare their own courseware, even if they are
not satisfied with professional products and willing doing it. In this paper we can
exemplify that standard software can sometimes become handy.

There are good reasons for its preference:

Standard software is relatively cheap.
Its manuals are widely available.
Many people can advice the author if he/she is not a computer specialist.

The same software package can be used for a variety of courseware. For
instance, spreadsheets (the subject of our paper) can aso be used for the
explanation of problems from accountancy, presentation of functions in
science, various mathematical computations etc.

In our paper we use spreadsheets in rather uncommon way — for a special kind of
recursive computation where the result of the computation in a cell depends on its
location in the worksheet. The examples have been used at the University of
Economics in Bratislava. They should show to students that spreadsheets are much
more powerful computation tool than people usualy think.

2 Basic Notions

A spreadsheet program is a tool for (pseudo) paralel computations over large
groups of numbers. The numbers are located in a sheet — a matrix with rows and
columns. The elements of the matrix are called cells. The maximum number of rows
and columns depends on a particular software product. In our paper we limit it to a
finite number only. Usualy, the letters identify the columns. Single letters (A, B, ...,
Z) denotes the first 26 columns, their pairs (AA, AB, AC, ..., AZ, BA, BB, ...) the
following ones. The numbers (1, 2, 3, ...) identify the rows.

The manipulation with the spreadsheet valuesis usually done in three steps:

The initialization of (arelatively small number of) cels.

The definitions of relationships between the initialized cells and some
selected ones.

Spreading of the relationship through the sheet.

The user has to initialize cells, define the relation and select the cells the relation is
to be spread to. Thus, the computer only executes a part of the third step. But, the



real benefit can be substantial as an arbitrary large area of the sheet can be bound by
the same relationship.

The fourth important property of spreadsheets is their adaptability. When avalue
of acdll ischanged, the values of al other related cells are recalculated. The effect of
any small change is spread to the rest of the sheet immediately and automatically. We
will use the adaptability for complex iterative computations.

3 Simple recursive computations ;
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2, the relationship has to express. Multiply the content
of the previous row by 2. To generalize this expression
we prefer the form: Multiply the content of the
previous row by the order number of the given row. Thisis expressed as follows:

= ROWS( $A$1: A2) * Al
where the function ROWS computes the number of rows between Al and the given

cell.
This expression can be spread as far as we need (Figure 1).

4 Recursive functions with several variables
Euclid’s algorithm for the greatest common divisor has the form:
la if a=b

GCD(a,b) =i GCD(@- bb) | if a >b 1)
lGeD(ab-a) | if a <b



This computation uses two columns. The first one (the column A) contains values
of the variable a, the second (B) the values of b. The cells in their first rows have to
beinitialized —for example to 84 (in A1) and 35 (in B1). Putting the formula

=l F(A1>B1; A1-B1; Al)
into cell A2 and the formula
= | F(B1>Al; B1-Al; B1)

into the cell B2 and spreading the both along their respective columns starts the
computation. Its result is shown in Figure 2. Starting from the sixth row the contents
of cells repeat. The repeating value is the result (the greatest common divisor of A1

and B1).

Compared to the previous example, it is A B
harder to predict how far the relationships are 1 84 35
to be spread. For we discuss the following 2 49 35
problems with students: 3 14 35

Will every computation starting with 4 14 21
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Figure 2

the sequence of different pair (as a
function of a and b)?

Does each successive pair of numbers
(in the same row) have the same greatest common divisor? Why?

The answers require a good comprehension of the high school math and are a
preparatory stage for the next step. The adaptability of the spreadsheet (the change
of the values in the first row) can be used for a description of different nuances of the
process. On the other hand, it is quite difficult to adapt such a computation using just
a change of A1 and B1, because the number of rows strongly varies for different
pairs. The computation of the greatest common divisor of another pair of numbers
ought to require (much) more rows.

5 Iterative computations

Now we construct Euclid's table — the table that contains the greatest common
divisor of r and s in the cell on the crossing of r-th row and s-th column. The

L If the answer to this question would not be aways positive, we could not use the method with
spreadsheets. Some computations would require an infinite number of rows.



computation is based on a (rather paradoxical) idea: No cells are initialized. Each
cell contains the complete equation Equation 1. The content of all cells is computed
simultaneously (by iterations). The length of computation depends on the number of
iterations.

All cells at the main diagonal (A1, B2, C3, ...) have r = s. Thus, the greatest
common divisor equals to this value and can be computed using the function ROWS.

Cdlswith r > s are located under the main diagonal. The corresponding greatest
common divisor is the same as of the cell located in the same (r-th) column and s
rows higher. The function INDEX can be used for copying the vaue into the cell:
INDEX((array, r, s) returns the value of the cell in r-th column and s-th row (when
the array is specified from A1 to the given cell).
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Figure 3

Similarly, the value of a cell above the main can be taken from the cdll in the same
row, but s cells to the left. The connection between selected cells in shown in Figure
3. It shows the computation of the value of the cell K8 (in the 8" row and 11"
column). The value is to be taken from C8 (the 8" row and 3 column). Its value is
to be taken from C2, etc. up to A1, because their greatest common divisor is 1. In
fact, the rea order of the assignments is just opposite: All values of all cells on the
main diagona are computed in the first iteration “wave’ — the value of A1 among
them. In the second wave they are copied into “neighboring” cells — those pointing to
the main diagonal. Thus, A2 gets its value in the second wave, C2 in the third, C8 in
the fourth and K8 in the fifth.
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Thisis expressed by the formula:
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When it is written in the cell Al, it produces the value 1. When it is spread

along the sheet, the execution generates the greatest common divisor in al activated

cells. In Figure 4 the relation was spread along the area of 20 x 20 cells.



6 Limits of spreadsheets computations

There exists one important restriction on this type of recursive computations: No
cell can refer to a cell outside the active area. It is clear why: The cells outside the
area have no values, nor formulas. Thus, the computation can not be completed. If
such a danger exists, the user should find out a “safe’ area (with al references
pointing into it) or do another type of computation.

In this section we discuss such a case using a problem from [Hvorecky, 1990]:
Given a natural number pg. Split its digits and sum their squares. The result is
another number p;. Repeat the procedure with p,, then with p, etc. as long as 1 or 4
is produced. Denote L(pg) the length of the sequence. Generate a (linear) table that
will contain L(n) in its n-th cell.

For instance, the sequence for 54 looks as follows:

52+42=25+16=41,
42+12=16+1=17,
12+ 72 =1+ 49 = 50,
52 = 25,
22+52=4+25=29,
22+ 92=4+81 =85,
82+ 52=64+25=89,
82+ 92 =64 + 81 = 145,
12+42+52=1+16+25=42,
42+ 22=16+4=20,
22=14,

Consequently, L(54) = 11. The proof of the termination of the sequence for any
natural number pg is done in [Hvorecky, 1990]. One of the ways of computation of

L(pj) is:

10 if p =1
L(pi):_:,_o if p =4
Li(p,,) +1 otherwise

Thus, when atable is generated, the value O is to be stored in the first and fourth
cell. The value in al other cells is to be computed by adding 1 to the value stored in
their successor in the sequence. For instance, the value in 54" cell is the value of 41%
cell increased by 1.

As we have seen above, the successor of a number is sometimes be bigger than it.
This implies that in a linear table some values refer to the “left”, the others to the



“right”. The spreadsheet table can only be created for those groups, which values do
not refer outside the group. Now we will show that the smallest such group for our
problem contains 162 first natural numbers.

First, the group has to contain 1 and 4, because they are the trivial cases of the
recursive formulaand all other values (finally) refer to one of them. The group hasto
contain all one-digit numbers, because square of all of them is bigger than the
number?. Thus, the group has to have at least 81 members.

As we aready shown, some two-digit numbers refers to three-digit ones. For
instance, the number 79 refers to 130. Thus, all two-digit numbers have also to be in
the group. The biggest of them — 99 —refersto 162.

On the other hand, it is easy to prove that three-digit numbers only refer to
smaller ones. Each three-digit number has a form:

a*100+b*10+c
where

1£a£9,
OEbEY,
OE£c£O.

Let us prove that its successor is a smaller number:

(a* 100 +b* 10 +c) > a2+ b2 +c2

(@a* (100—a+a)+b* (10—b+b)+c)>aZ+b2+c2
((@2+a* (100—a)) + (b2+ b* (10—-b)) +¢) > a2 + b2 + c2
(a* (100—a) +b* (10-b)) > (c2—c)

The left side has its smallest possible value for a = 1 and b = 0. In this case the
result is 99. The right side has its biggest possible value — 72 — for ¢ = 9. Thus, the
relationship aways holds’.

Our table will be vertical (placed in the column A). First we define a function
smdc having one argument pg. The function computes p; and returns the value of the

cell in p;-th row increased by 1:

2 The only exception could be for 1, but our previous reasoning requires its membership in the
group.

3 A similar proof for the numbers with four and more digits is even easier. If the number has n
digits, itsvalue is at least 10". On the other hand, it refers to the number not bigger than n * 81.
Evidently, 10" > n * 81.



scdm

=ARGUMENT( " number *; 1)

=RESULT( 1)

=SET. NAME( " sunsquar es"; 0)

=SET. NAME("tt"; TEXT( nunber; 0))

=SET. NAME("| engt h"; LEN(tt))
=FOR("counter"; 1;1 engt h)

=SET. NAME("vv", VALUE(M D(tt; counter;1)))
=SET. NAME( " sunsquar es"; sunsquar es+vv*vv)
=NEXT()

=RETURN( sunsquar es)

ThevaueOissetinto cals Al and A4 and the formulaand

=1 NDEX( A$1: A162; scdn( A2) ; 2) +1
=1 NDEX( A$1: A163; scdn({ A2) ; 2) +1

into A2 and A3. Then spread it also into cells A5 to A162. This (“minimum”) tableis
shown in Figure 5.
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7 Conclusions

We have shown that the spreadsheets represent a very convenient tool for
recursive computations. Some restrictions, which limit their usage, can often be
overcome by a correct anaysis of the problem. However, there aways will exist
computations that smply can not be made in this environment — partialy those, in
which some cells refer to cells outside the active area.
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